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Abstract. We study a two-dimensional fermionic cloud of repulsive alkali-metal
atoms characterized by two hyperfine states which are Rabi coupled. Within a
variational Hartree-Fock scheme, we calculate analytically the ground-state energy of
the system. Then we determine the conditions under which there is a quantum phase
transition with spontaneous symmetry breaking from a spin-balanced configuration to
a spin-polarized one, an effect known as itinerant ferromagnetism. Interestingly, we find
that the transition appears when the interaction energy per particle exceedes both the
kinetic energy per particle and the Rabi coupling energy. The itinerant ferromagnetism
of the polarized phase is analyzed, obtaining the population imbalance as a function
of interaction strength, Rabi coupling, and number density. Finally, the inclusion
of a external harmonic confinement is investigated by adopting the local density
approximation. We predict that a single atomic cloud can display population imbalance
near the center of the trap and a fully balanced configuration at the periphery.
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1. Introduction
Recently, artificial spin-orbit and Rabi couplings have been implemented by means of
counterpropagating laser beams in bosonic [1, 2] and fermionic [3, 4] atomic gases.
These laser beams couple two internal hyperfine states of the atom by a stimulated
two-photon Raman transition [1, 2, 3, 4]. Triggered by these remarkable experiments,
in the last few years a large number of theoretical papers have analyzed the spin-
orbit effects with Rashba [5] and Dresselhaus [6] terms in Bose-Einstein condensates
[7, 8, 9, 10, 11, 12, 13] and also in the BCS-BEC crossover of superfluid fermions
[14, 15, 16, 17, 18, 19, 20, 21, 22]. Very recently, the Rashba spin-orbit coupling in
a two-dimensional (2D) repulsive Fermi gas has been investigated in [23, 24], where
the density of states is quite simple and analytical results can be obtained. We
stress that 2D quantum systems show peculiar physical properties and are crucial
for technological applications: high-temperature superconductivity is attributed to
materials characterized by a 2D-like transport [25], and, more generally, superconductor
and oxide interfaces containing 2D electron gas are of paramount importance for
contemporary electronics [26].
The Rabi coupling of hyperfine states of atoms is now a common tool for
experimental and theoretical investigations involving multi-component gases. Some
examples are: the control of the population of the hyperfine levels [27, 28], the
formation of localized structures [29], and the mixing-demixing dynamics of Bose-
Einstein condensates [30]. It is particularly interesting to study how the Rabi coupling
affects the equilibrium properties of an atomic two-dimensional repulsive Fermi gas, and,
more specifically, if the Rabi coupling can help a gas of spin-up and spin-down fermions
to become ferromagnetic, thus determining the itinerant ferromagnetism proposed in
[31]. The repulsive interaction induces the well-known Stoner instability [32] above a
critical strength. Nevertheless, in the absence of the Rabi coupling this instability is
expected to produce phase separation rather than spin flip [33]. Generally speaking,
itinerant ferromagnetism is signaled by the spontaneous appearance of local spin
imbalance, but this itself doesn’t require spin flip mechanisms. A thorough investigation
of this instability critical strength has been developed in [34, 35, 36, 37]. The observation
of itinerant ferromagnetism in ultracold atoms in 3D is complicated by the presence
of three-body losses [38], which are however expected to be less important in reduced
dimensions [39]. As noted in Ref. [40], the itinerant ferromagnetism is a key effect to get
a deeper insight in the physics of systems such as metals, quark liquids in neutron stars.
Moreover, it is still debated whether homogeneous electron systems can reach a fully
ferromagnetic state. We stress that very recently the observation of the ferromagnetic
instability has been reported in a binary spin-mixture of ultracold 6Li atoms [41].
In this paper we study a Rabi-coupled fermionic gas of repulsive alkali-metal atoms
trapped in a quasi two-dimensional configuration, where the effects of the third direction
are fully frozen due to a strong external confinement in that direction [42]. Itinerant
ferromagnetism in a trapped repulsive 2D Fermi system, but without Rabi coupling,
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has been investigated both analytically [43, 44] and numerically [45]. The fermionic
atoms are characterized by two hyperfine internal states which can be modelled as
two spin components. Here we investigate the ground-state properties of the quantum
gas by using the Hartree-Fock method in the form of a mean-field approximation for
operator products, where the population imbalance is a variational parameter. In this
way we calculate analytically the conditions under which there is a quantum phase
transition from a spin-balanced to a spin-polarized configuration. This phase transition
features a spontaneous symmetry breaking of the fermion polarization (population
imbalance) between two degenerate values. The behavior of the population imbalance
is determined as a function of the system parameters. We also consider the inclusion
of an external harmonic potential investigating non-trivial effects caused by the space-
dependent confinement on the polarization of the atomic cloud.
2. Model Hamiltonian
The many-body Hamiltonian of the 2D fermionic atomic gas including contact
interactions of strength g and Rabi coupling of frequency Ω reads
Hˆ =
∫
d2r
[ ∑
σ=↑,↓
ψˆ+σ
(
− h¯
2
2m
∇2
)
ψˆσ + g ψˆ
+
↑ ψˆ
+
↓ ψˆ↓ψˆ↑
+
h¯Ω
2
(
ψˆ+↑ ψˆ↓ + ψˆ
+
↓ ψˆ↑
)]
, (1)
where ψˆσ(r) is the field operator which destroys a fermion of spin σ at position r. It is
important to stress that, due to the presence of the Rabi coupling, the total number
Nˆ =
∫
d2r
(
ψˆ+↑ (r)ψˆ↑(r) + ψˆ
+
↓ (r)ψˆ↓(r)
)
, (2)
is a constant of motion, while the relative numbers Nˆ↑ and Nˆ↓ are not.
Applying the mean-field approximation for operator products (see, e.g., [46], [47])
to
ψˆ+↑ ψˆ
+
↓ ψˆ↓ψˆ↑ ≃ n↓ ψˆ+↑ ψˆ↑ + n↑ ψˆ+↓ ψˆ↓ − n↑ n↓, (3)
with nσ = 〈nˆσ〉 = 〈ψˆ+σ ψˆσ〉 (σ =↑, ↓), enables us to write the mean-field many-body
Hamiltonian as
Hˆ =
∫
d2r
[(
ψˆ+↑ , ψˆ
+
↓
)
H
(
ψˆ↑
ψˆ↓
)]
− gn
2
4
(1− ζ2)L2, (4)
where L2 is the area of the 2D system and H is the single-particle matrix Hamiltonian
H =
( − h¯2
2m
∇2 + gn
2
(1 + ζ) h¯Ω
2
h¯Ω
2
− h¯2
2m
∇2 + gn
2
(1− ζ)
)
(5)
with the average total number density and the population imbalance given by
n = n↑ + n↓ , ζ =
n↓ − n↑
n
, (6)
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respectively. Clearly, at fixed total density n, one finds that ζ ∈ [−1, 1]. It is important
to stress that, within our Hartree-Fock scheme, ζ is a variational parameter which must
be determined by minimizing the energy of the system. By using the Pauli matrices
σz and σx such that [σa, σb] = iǫabcσc, with indexes a, b, c = x, y, z, the single-particle
Hamiltonian (5) takes the form
H =
(
− h¯
2
2m
∇2 + gn
2
)
I + gn
2
ζ σz +
h¯Ω
2
σx .
The latter can be diagonalized exactly [48], and one finds
H|k, s〉 = Ek,s|k, s〉 , (7)
where the eigenvalue
Ek,s =
h¯2k2
2m
+ αs (8)
depends on the two-dimensional wavevector k, the index s = −1,+1 is the eigenvalue
of σz, and
αs =
g
2
n+
s
2
√
g2n2ζ2 + h¯2Ω2 (9)
is the contribution to the single-particle energy due to the repulsive interaction of
strength g (g > 0) and the Rabi coupling of frequency Ω. The corresponding eigenstates
are given by
|k, s〉 = e
ik·r
L
S|s〉,
where σz|s〉 = s |s〉, ~p |k, s〉 = h¯k |k, s〉 and S = exp(iφσy/2), with tgφ = h¯Ω/gn,
is the transformation taking H into the diagonal form. It follows that the mean-field
many-body Hamiltonian can be written as
Hˆ = −gn
2
4
(1− ζ2)L2 +∑
k
∑
s=−1,1
Ek,s bˆ
+
k,s bˆk,s, (10)
where bˆk,s and bˆ
+
k,s are ladder operators which destroy and create a fermion in the
single-particle state |k, s〉.
3. Ground-state properties
By implementing the continuum limit
∑
k → L2
∫
d2k/(2π)2, the average total number
density n = N/L2 of the fermionic system is found to be
n =
∑
s=−1,1
∫ d2k
(2π)2
〈bˆ+
k,s bˆk,s〉, (11)
while the average internal-energy density E = E/L2 reads
E = −gn
2
4
(1− ζ2) + ∑
s=−1,1
∫
d2k
(2π)2
Ek,s〈bˆ+k,s bˆk,s〉. (12)
Itinerant ferromagnetism of two-dimensional repulsive fermions with Rabi coupling 5
Moreover, at zero temperature one can write
〈bˆ+
k,s bˆk,s〉 = Θ (µ−Ek,s) , (13)
where Θ(x) is the Heaviside step function and µ is the zero-temperature chemical
potential, namely, the Fermi energy of the interacting system. Notice that µ is fixed by
the conservation of the total number of fermions. Then, by using Eq. (13), from Eqs.
(11) and (12) we find
n =
1
4π
(
2m
h¯2
) [
(µ− α−1) Θ(µ− α−1) + (µ− α+1) Θ(µ− α+1)
]
(14)
and
E = − gn
2
4
(1− ζ2) + 1
8π
(
2m
h¯2
) [
(µ2 − α2−1) Θ(µ− α−1)
+ (µ2 − α2+1) Θ(µ− α+1)
]
. (15)
Clearly, if µ ≤ α− there are no solutions. Let us now consider the remaining cases
µ < α+ and α+ ≤ µ.
Regime µ < α+
From Eqs. (9), (14) and (15), under the condition µ < α+1, we obtain
µ =
4πh¯2
2m
n+
1
2
gn− 1
2
√
g2n2ζ2 + h¯2Ω2 (16)
and also
E = −gn
2
4
(1− ζ2) + n
2
[(
g +
4πh¯2
2m
)
n−
√
g2n2ζ2 + h¯2Ω2
]
, (17)
where Eq. (16) has been used to express E in terms of n instead of µ. This average
energy density E is a function of the population imbalance ζ , which is our variational
parameter. For the sake of simplicity we introduce the characteristic energies
EΩ = h¯Ω , Eint = gn , Ekin =
4πh¯2n
2m
.
The minimum of E with respect to ζ is easily found from the condition ∂E/∂ζ = 0
which, written in terms of Eint and EΩ, gives
n
2
Eintζ

1− Eint√
E2intζ
2 + E2Ω

 = 0. (18)
Consequently, one has two cases: ζ = 0 for Eint ≤ EΩ, and ζ = ±
√
1− E2Ω/E2int for
EΩ < Eint. In the second case, the solution ζ = 0 describes a maximum separating the
two minima. This scenario is completed by taking into account the condition µ < α+
characterizing the present regime, with µ given by Eq. (16), finding
Ekin <
√
E2intζ
2 + E2Ω. (19)
Then, the two cases described above can be detailed as follows.
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Condition A: For Eint ≤ EΩ and Ekin < EΩ the population imbalance is
ζA = 0, (20)
and the corresponding chemical potential and energy density are given by
µA =
1
2
Eint + Ekin − 1
2
EΩ, EA = n
4
Eint +
n
2
(Ekin − EΩ) . (21)
Condition B: For EΩ < Eint and Ekin < Eint the population imbalance is
ζB = ±
√√√√1− ( EΩ
Eint
)2
, (22)
which shows the double degeneracy of the ground state and entails a spontaneous
symmetry breaking, while
µB = Ekin, EB = n
2
(
Ekin − E
2
Ω
2Eint
)
(23)
represent the chemical potential and energy density, respectively. The results under
the condition B) show explicitly that there is population imbalance if the interaction
energy per particle Eint is larger than both the kinetic term Ekin (proportional to the
kinetic energy per particle πh¯2n/(2m)) and the Rabi energy EΩ. This is a clear example
of Stoner instability [32], where a sufficiently large repulsion between fermions makes
the uniform and balanced system unstable. In this case, due to the presence of Rabi
coupling, the system becomes polarized being either n↑ > n↓ (ζB < 0) or n↑ < n↓
(ζB > 0).
Regime α+ ≤ µ
From Eqs. (9), (14) and (15), under the condition α+1 ≤ µ, we obtain
µ =
1
2
(Ekin + Eint) (24)
and the ground-state energy
E = n
4
[
Eintζ
2
(
1− Eint
EΩ
)
+ 2Eint + Ekin − E
2
Ω
Ekin
]
(25)
by using Eq. (24) to express E in terms of n instead of µ. Also in this case the average
energy density E is a function of the population imbalance ζ , which is our variational
parameter. However, the functional dependence of (25) on ζ is quite different with
respect to (17).
Finding the minimum of E , given by Eq. (25), with respect to ζ gives two cases:
ζ = 0 for Eint < Ekin, and ζ = ±1 for Ekin < Eint. Again, one must include the
condition α+ ≤ µ, with µ given by Eq. (24), obtaining√
ζ2E2int + E
2
Ω ≤ Ekin. (26)
One easily discovers that the second case described above (ζ = ±1 for Ekin < Eint)
is incompatible with (26) and it must be excluded. By taking into account (26), the
remaining case characterized by Eint < Ekin) can be detailed as follows.
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Condition C: For Eint ≤ Ekin and EΩ ≤ Ekin the population imbalance
ζC = 0, (27)
entails
µC =
1
2
(
Eint + Ekin
)
, EC = n
4
(
Eint + Ekin − E
2
Ω
Ekin
)
(28)
representing the chemical potential and energy density, respectively, of this case.
The analysis so far developed clearly shows that only under the condition B) there
is itinerant ferromagnetism in the two-dimensional repulsive Fermi gas. The condition
B) means that the interaction energy per particle Eint must be larger than both the
kinetic energy per particle Ekin and the Rabi energy EΩ. To summarize, this result is
convenient to introduce the Fermi energy ǫF of our 2D fermionic system in the absence
of interaction and Rabi coupling, that is given by
ǫF =
h¯2
m
πn . (29)
Taking into account the conditions A, B, C described in the previous Section, the
chemical potential of the system in the presence of interaction and Rabi coupling can
be then written as
µ =
{
ǫF +
1
2
Eint for Eint ≤ 2ǫF
2ǫF for Eint > 2ǫF
(30)
under the condition EΩ ≤ 2ǫF , and
µ =
{
2ǫF − 12 (EΩ −Eint) for Eint ≤ EΩ
2ǫF for Eint > EΩ
(31)
under the condition EΩ > 2ǫF . In the upper panel of Fig. 1 we report the adimensional
chemical potential µ/ǫF as a function of the adimensional interaction strength Eint/(2ǫF )
for two values of adimensional Rabi energy EΩ/(2ǫF ). The figure clearly shows that at
the critical strength there is the derivative of the chemical potential changes slope.
The region where µ = 2ǫF corresponds to the condition B: the system becomes spin-
polarized. In the lower panel of Fig. 1 we plot the population imbalance |ζ | as a function
of the adimensional interaction strength gn/(2ǫF ) for two values of adimensional Rabi
energy EΩ/(2ǫF ). As shown in the figure, the population imbalance ζ , given by Eq. (22),
decreases by increasing the Rabi frequency Ω. This result is consistent with previous
two-dimensional calculations [34, 35, 36, 37] which suggest, in the absence of Rabi
coupling, a jump from ζ = 0 to ζ = ±1 at the critical strength gc = 4πh¯2/(2m) = Ekin/n.
Notice that this jump can be softened also by beyond-mean-field quantum effects [34] or
spin-orbit couplings [36]. Our results on the order parameter ζ , and specifically the lower
panel of Fig. 1, signal a first-order phase transition if EΩ/(2ǫF ) < 1 and a second-order
phase transition if EΩ/(2ǫF ) > 1.
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Figure 1. Upper panel: adimensional chemical potential µ/ǫF as a function of
the adimensional interaction strength Eint/(2ǫF ) for two values of adimensional Rabi
energy EΩ/(2ǫF ): 1/2 (solid line) and 2 (dashed line). Lower panel: absolute value
|ζ| of the population imbalance as a function of the adimensional interaction strength
Eint/(2ǫF ) for the same two values of adimensional Rabi energy EΩ/(2ǫF ).
4. Discussion and inclusion of harmonic confinement
Up to now we have considered a 2D homogeneous fermionic system. Here we discuss
the effect of an external hamonic confinement
U(r) =
1
2
mω2(x2 + y2) (32)
on the properties of the 2D system. We adopt the local density approximation [49]:
µ¯ = µ[n(r)] + U(r) , (33)
where µ¯ is the chemical potential of the non uniform 2D system, n(r) = n↑(r) + n↓(r)
is the local number density with
N =
∫
d2r n(r) (34)
the total number of fermions, and µ[n] is the local chemical potential given by Eqs. (30)
and (31). By using r =
√
x2 + y2 Eq. (33) can be written as
r =
1
ω
√
2 (µ¯− µ[n]) (35)
which gives the radial coordinate r as a function of the number density n. This formula
can be easily implemented numerically to determine the density profile n(r), the local
population imbalance
ζ(r) =


0 for n(r) ≤ EΩ
g√
1− E2Ω/(g2n2(r)) for n(r) > EΩg
, (36)
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Figure 2. Total density profile n(r) and population imbalance profile ζ(r) of the
2D Fermi gas under harmonic confinement of frequency ω. We set h¯ = m = ω = 1
and choose Ω = 1, g = 3, and µ¯ = 4. The lower panel shows spin-flip (population
imbalance) near the center of the trap while the periphery remains balanced.
and the local densities of fermions with spin up and spin down:
n↓(r) =
1
2
n(r)
(
1 + ζ(r)
)
, n↑(r) =
1
2
n(r)
(
1− ζ(r)
)
. (37)
As an example, in Fig. 2 we report the total number density profile n(r) (upper
panel) and the population imbalance profile ζ(r) (lower panel) with a simple choice of
the parameters which ensures that n(0) > EΩ/g. This condition is crucial to produce
an atomic cloud with population imbalance. Note that the appearance of a non-zero
population imbalance implies a spontaneous symmetry breaking of the ground-state
with respect to the choice ζ or −ζ .
In Fig. 3 we plot the corresponding local densities n↓(r) and n↑(r). The figures
clearly show that the atomic cloud is characterized by population imbalance near the
center of the trap (r = 0) where the total number density is larger than EΩ/g. Instead,
at the periphery (near the surface) of the atomic cloud the gas is fully balanced. We
emphasize that setting h¯ = m = ω = 1 (as done in Fig. 2 and Fig. 3) amounts to using
harmonic-trap units: energies in units of h¯ω and lengths in units of aH =
√
h¯/(mω),
that is the characteristic length of harmonic confinement.
In the experiments with ultracold atomic clouds having a quasi-2D disk-shaped
configuration on the (x, y) plane, one finds typically aH ≃ 100 µm, while the 2D
interaction strength g reads g = 4(h¯ω)asa
2
H/az with as the 3D s-wave scattering length
and az the characteristic length of the confinement along the z axis. Remarkably, in
current experiments the 3D s-wave scattering length as can be modified by using an
external magnetic field (Fano-Feshbach resonance technique) and consequently one can
easily move the system from a weakly-interacting to a strongly-interacting regime.
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Figure 3. Local densities n↓(r) and n↑(r) of the 2D Fermi gas under harmonic
confinement of frequency ω. We set h¯ = m = ω = 1 and choose Ω = 1, g = 3, and
µ¯ = 4. The panels clearly show the enhancement of the number of atoms with spin
down near the center of the trap, while near the surface the system remains balanced.
5. Conclusions
In this paper we have shown how the non-trivial interplay among Pauli exclusion
principle, repulsive interaction, and Rabi coupling can induce itinerant ferromagnetism
in two-dimensional repulsive Fermi gases. In particular, we have analytically found
that for a homogeneous 2D fermionic system there is polarization (i.e., itinerant
ferromagnetism) when the interaction energy per particle is larger than both the kinetic
energy per particle and the Rabi energy. It is important to stress that the itinerant
ferromagnetism is certainly driven by the Stoner instability [32]: a sufficiently large
repulsion between fermions make the uniform and balanced system unstable. However,
as we have shown in this paper, it is the presence of Rabi coupling that allows the
phenomenon of spin flip. In fact, in the absence of Rabi coupling or other spin-dependent
mechanisms, the Stoner instability implies phase separation and not spin flip. Similar
effects are expected in bosonic mixtures [30, 50]. Here we have adopted a Hartree-
Fock mean-field approach. On the basis of previous results obtained in the absence of
Rabi coupling in 2D and 3D [43, 45, 51], we expect that beyond-meand-field quantum
fluctuations can slightly reduce the critical strength of Stoner instability.
In the last part of the paper we have considered the inclusion of an external
harmonic potential, which is the simplest trapping configuration for experiments with
ultracold alkali-metal atoms. In this case, we have predicted a remarkable effect we
expect to be accessible in the near-future experiments: for a sufficiently large number
of fermions, such that the number density at the center of the trap exceeds a critical
value, the 2D fermionic gas is characterized by population imbalance near the center of
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the trap and by a fully balanced configuration near the surface.
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